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The additional resistance due to dissipation of the energy of turbulent 
fluctuations by solid particles is determined on the basis of a theoreti- 
cal analysis. The results obtained are compared with experimental 
data. 

In ca l cu la t ing  t h e  c h a r a c t e r i s t i c s  of p ipe  f lows of 
a i r  m i x t u r e s  with d i s p e r s e d  s o l i d s ,  it  i s  of c o n s i d e r -  
ab le  i m p o r t a n c e  to ca l cu l a t e  with suf f ic ient  a c c u r a c y  
the add i t iona l  r e s i s t a n c e s  due to the p r e s e n c e  of the 
so l id  p a r t i c l e s  in the  flow. 

In th i s  p a p e r  an a t t emp t  i s  made  to d e t e r m i n e  the 
i m p o r t a n c e  of the  ef fec t  on add i t iona l  r e s i s t a n c e  of 
the  d i s s i p a t i o n  of the ene rgy  of tu rbu len t  f luc tua t ions  
by fine p a r t i c l e s  ( d i a m e t e r  l e s s  than 10 -4 m).  

We sha l l  examine  the mot ion  of a highly d i s p e r s e d  
a i r  m i x t u r e  at  c o n s i d e r a b l e  v e l o c i t i e s ,  mak ing  the a s -  
s ump t ions ,  u sua l  for  fine p a r t i c l e s ,  that  the  m e a n  
t r a n s l a t i o n a l  v e l o c i t i e s  of the p a r t i c l e s  and the c a r r i e r  
m e d i u m  a r e  equal ,  and that  the d i s t r i b u t i o n  of p a r t i -  
c l e s  ove r  the  c r o s s  s ec t i on  of the flow is  f a i r l y  un i -  
fo rm.  We sha l l  a l so  a s s u m e  tha t  the  inf luence  of the  
s o l i d s  on the k i n e m a t i c  s t r u c t u r e  of the  flow is  n e g l i -  
g ib le  ( low c o n c e n t r a t i o n s ) ,  and tha t  the  n u m b e r  of co l -  
l i s i o n s  be tween  p a r t i c l e s  is  s m a l l .  The ques t ion  of 
the  inf luence  of the  g r a v i t a t i o n a l  f i e ld  on the mot ion  of 
the p a r t i c l e s  wi l l  be  e x a m i n e d  below.  

When the p a r t i c l e s  move  in l a r g e - s c a l e  edd ies  with 
low wave n u m b e r s  (low f r e q u e n c i e s ) ,  e n t r a i n m e n t  i s  
comple t e .  In th i s  c a s e  t h e r e  is  add i t iona l  expend i tu re  
of ene rgy  due to enhanced  m o m e n t u m  t r a n s f e r  a s  a r e -  
sul t  of the  i n c r e a s e  in the  dens i ty  of the  m e d i u m ,  i.  e . ,  
the  p h y s i c a l  p i c t u r e  is  one of t r a n s p o r t  of a f luid of 
high spec i f i c  weight  wi th  a v i s c o s i t y  equal  to tha t  of  
the  c a r r i e r  m e d i u m .  

When the  mo t ion  is  in s m a l l - s c a l e  e d d i e s  with high 
wave n u m b e r s  (high f r e q u e n c i e s ) ,  the  e n t r a i l m l e n t  of  
the p a r t i c l e s  i s  i n c o m p l e t e ,  and t h e r e  is  r e l a t i v e  m o -  
t ion  be tween  the p a r t i c l e s  and the m e d i u m ,  r e s u l t i n g  
in add i t i ona l  d i s s i p a t i o n  of  the  t u rbu l en t  f luc tua t ion  

ene rgy .  
We sha l l  s e l e c t  s o m e  m i c r o - v o l u m e  of the  f lu id ,  

moving  with  m e a n  v e l o c i t y  ~,  the  f luc tua t ion  v e l o c i t y  
? 

componen t  u i (i = 1; 2; 3) be ing  a funct ion of s o m e  c h a r -  
a c t e r i s t i c  f r equency  r a s s o c i a t e d  with the s c a l e  of the 
chosen  vo lume .  We s h a l l  e x a m i n e  the mot ion  of a p a r -  
t i c l e  in th i s  v o l u m e ,  in a c o o r d i n a t e  s y s t e m  moving  

with v e l o c i t y  g. 
F o r  nonun i fo rm mot ion  of a p a r t i c l e  in a f lu id  in the  

g e n e r a l  c a s e ,  in add i t ion  to v i s c o u s  r e s i s t a n c e ,  we 
should  t ake  into account  the r e s i s t a n c e  due to the  e x -  
p e n d i t u r e  of  e n e r g y  in a c c e l e r a t i n g  the  f lu id  i t s e l f .  
Fuchs  [1] showed tha t  fo r  nonun i fo rn l  mot ion  of  a so l id  
p a r t i c l e  in a g a s ,  when Ps >> P0, the u n s t e a d y  e f fec t s  

m a y  be neg lec t ed  at s m a l l  R e . ,  and the r e s i s t a n c e  
m a y  be c o n s i d e r e d  to be  n o n i n e r t i a l ,  i . e . ,  to c o r r e -  
spond to the r e s i s t a n c e  at  a cons tan t  ve loc i t y  equal  
to the ve loc i ty  at  the  g iven  ins tan t .  T h e r e f o r e ,  fo r  
f inely  d i s p e r s e d  a i r  m i x t u r e s  with s p h e r i c a l  p a r t i c l e s  
of d i a m e t e r  <10 -4 m ,  the r e s i s t a n c e  of the m e d i u m  
when the p a r t i c l e  mo t ion  is  nonun i fo rm is  g iven  with 
suf f ic ient  a c c u r a c y  by Stokes  law. B e c a u s e  the dens i ty  
of the m e d i u m ,  P0, is  s m a l l ,  we m a y  c o n s i d e r  that  

PS - Po ~ Ps- 
Then in the chosen  c o o r d i n a t e  s y s t e m ,  with g r av i t y  

t aken  into account ,  the equat ion of mot ion  of a p a r t i c l e  
m a y  be  w r i t t e n  in the f o r m  

,o s V dv~ 3n d q wi ~- ~i g P~ V, 
dt (1) 

w h e r e  

w h e r e  

ol :On=Or ~2= 1. 

B e a r i n g  in mind  tha t  v i = u i + w i ,  we obta in  

d w  i w~ du~ 
-- + (~ g, (2) 

dt "r dt 

T =- 9~ dU/l&] �9 

The  quant i ty  r has  the  d i m e n s i o n  of t i m e  and is  the  
c h a r a c t e r i s t i c  quant i ty  d e t e r m i n i n g  the mo t ion  of the 
p a r t i c l e .  

B e c a u s e  of the  q u a s i - p e r i o d i c  n a t u r e  of the  t u r b u -  
lent  f l uc tua t ions ,  fo r  s o m e  spec i f i c  p e r t u r b a t i o n  s c a l e  
u~ m a y ,  a s  u s u a l ,  be  w r i t t e n  a p p r o x i m a t e l y  a s  

u; = u0~ s in  ~ t. (3)  

The so lu t ion  of an equat ion of  type  (2) fo r  the m o -  
t ion  of a p a r t i c l e  in a p e r i o d i c a l l y  f luc tua t ing  f lu id  (but 
wi thout  a l l owance  fo r  the  f i e ld  of g r av i ty )  was  a n a l y z e d  
in d e t a i l  in [1]. By a s i m i l a r  me thod ,  we can  f ind co i 
f o r  s t e ady  mot ion  f r o m  (2) and (3). 

F o r  the  p l ane  p r o b l e m  (i = 1; 2), the  componen t s  of 
r e l a t i v e  v e l o c i t y  of the  p a r t i c l e  m a y  be  w r i t t e n  as  fo l -  

lows:  
for the longitudinal component 

w, sin ~ t - L - - - - ( p  , (4) 
1 l + (,~T ~ 2 

f o r  the  v e r t i c a l  componen t  

( ) 
" I I - I -  o ;  'T~  , 
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where 

~p ---- arc tg ~)v. 

It should be noted that gT = w,. 

We shall examine the conditions under which the 

force of gravity may be neglected. We find the mean 
square of the first term on the right of Eq. (5) 

T 

0 

u~ o,x 

In addition, we similarly Obtain from (3) 

u, = u W r  (6) 
The r eg ion  in which g r a v i t y  f o r c e s  m a y  be  neg lec ted  

i s  def ined by  the inequal i ty  

-r- >> e. cr) 

At high f r e q u e n c i e s  when w2r 2 >> I ,  condi t ion  (7) 
m a y  be w r i t t e n  in the f o r m  

-7 -  

ud'c >> g, (8) 

and a t  low f r e q u e n c i e s  when r 2 << 1 in the  f o r m  

" 7  

u2 ~ >> g- (9) 

In pneumat i c  c o n v e y o r  s y s t e m s ,  the  t r a n s p o r t  v e -  
loc i ty  i s  u s u a l l y  a s s u m e d  to be about  2 0 - 2 5  m / s e e .  
The in t ens i ty  of t u rbu l ence  is  roughly  0 .04.  T h e r e -  
f o r e  the  m e a n  f luc tua t ion  ve loc i t y  in t h e s e  condi t ions  
m a y  be  taken  to be  ~ '  = 1 m / s e e ,  

F o r  p a r t i c l e s  of  d i a m e t e r  10 -4 to 10 - s m  and  den -  
s i ty  Ps = 1000 kghn  3, r v a r i e s  in the  r ange  3 �9 10 -2 to  
3 �9 10 -4 see .  

Condi t ion  (8) i s  s a t i s f i e d  with suf f ic ien t  a c c u r a c y  
when r < 3 �9 10 -2 sec .  Condi t ion  (9) i s  s a t i s f i e d  when 
w > 50 cps. 

We sha l l  exarntne the  e x p e r i m e n t a l  c h a r a c t e r i s t i c s  
f o r  a t u rbu len t  flow p r e s e n t e d  in [2]. I t  can  be  s een  
f r o m  Fig .  4. 3 of  [2] that  fo r  the f low c o r e  the  l e a s t  
wave n u m b e r s  a r e  of  the  o r d e r  of 2 10 -2. Since  the  
wave  n u m b e r  i s  def ined  a s  k = w/t l  m ,  and u n d e r  t h e  
e x p e r i m e n t a l  cond i t ions  U m = 30 m / s e e ,  the  l e a s t  f r e -  
quenc i e s  w wi l l  c o r r e s p o n d i n g l y  be  about  60. 

T h e r e f o r e ,  when d < 10 -4 m ,  fo r  an  a p p r o x i m a t e  
solut ion of the p r o b l e m ,  the  inf luence of the g r av i t y  
f o r c e s  m a y  be  neg lec t ed ,  and both components  of r e l -  
a t ive  ve loc i ty  of the p a r t i c l e  wi l l  be  g iven  by (4): 

When the p a r t i c l e  m o v e s  in a v i s cous  m e d i u m ,  the 
work  of the r e s i s t a n c e  f o r c e s  m a y  be  e x p r e s s e d  as  

9 i = ~ 3 a d r l v ~ d x .  (10) 

In the c a s e  examined ,  we have s imul t aneous  mot ion  
of the p a r t i c l e s  and of the m e d i u m ,  and we m u s t  t h e r e -  
fo re  r e p l a c e  v i in (10) by w i. Since dx = r , we find 
the  work  done by  the r e s i s t a n c e  f o r c e s  in unit  t i m e ,  
t ak ing  account  of (4), to be  

/" 

i S r 8 ql = 3ndrl  T T nd~l (u~.)' - -  
O 

1 +r '" (11) 

A s i m i l a r  a p p r o a c h  was  used  in [3] to e s t i m a t e  the  
d i s s ipa t i on  of the  e n e r g y  of tu rbu len t  f luc tua t ions  by  
so l ids .  However ,  the au thor  did  not d e m o n s t r a t e  the 
r e l a t i o n s h i p  be tween  th is  ef fec t  and the g e n e r a l  p a r a m -  
e t e r s  of the t w o - p h a s e  flow. 

The  power  lo s t  in p a r t i c l e  f r i c t i on  in the  ve loc i ty  
f luc tua t ions  in unit  vo lume is  

qi = q; n. (12) 

F r o m  (11) and (12) we obta in  an equat ion fo r  the t o -  
t a l  ene rgy  d i s s i p a t e d  by p a r t i c l e  f r i c t i o n  in longi tud i -  
na l  and v e r t i c a l  f luc tua t ions  in unit  vo lume and unit  
t i m e :  

q = - -  9",1 s ~'x2 [(u0,)' § ('02)'1. (13) 
d e 1 -i- r 2xe 

Since the  t u rbu l e nc e  r e p r e s e n t s  the  s u p e r p o s i t i o n  
of  edd ies  of d i f f e ren t  s c a l e s ,  p a r t i c l e s  moving  in l a r g e -  
s c a l e  edd ies  s i m u l t a n e o u s l y  t ake  p a r t  in the mo t ion  of 
s m a l l  and v e r y  s m a l l  edd i e s  loca ted  wi thin  the  l a r g e  
edd ies .  The m i n i m u m  s c a l e  of e dd i e s ,  o r  the  i n t e rna l  
s c a l e  of t u r b u l e n c e ,  has  a d i m e n s i o n  of  the  o r d e r  10 -2 
to  10 -3 m ,  which i s  10 -100  t i m e s  g r e a t e r  than  the s i ze  
of  the  p a r t i c l e s ,  so tha t  the  m a i n  m a s s  of  p a r t i c l e s  in -  
t e r a c t s  with p r e c i s e l y  the  m i c r o - e d d i e s  of the  f luid;  
and the  d i s s i p a t i o n  of f luc tua t ion  e n e r g y  i s  d e t e r m i n e d  
by  t h i s  i n t e r ac t i on .  A s m a l l  f r a c t i o n  of the  p a r t i c l e s  
a t  the  Junction be tween  l a r g e  edd i e s  t a k e s  p a r t  d i r e c t l y  

Total Energy Losses in the Motion of Air Mixtures and Losses 

in �9 lec-I /J 

15 

25 

63 

31.5 

Due to the Dissipation of Fluctuation Energy 

I I ~S~tS of [4] 

i s �9 i0 "a, 

j .  Calculated values 
t 

~ -  io", Os - to)" i~ a__i- i_o" N--m'___[ 
N ' m 4  ~ k>k l  k > k  2 N "m "$ 

8,7 
9.6 

10.3 
II.I 

N "m~ I 

0.49 
0.78 
1.27 
1.67 

8.21 
8.92 
9.03 
9.43 

0.085 0.389 
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in the  l a r g e - s c a l e  f l u c t u a t i o n s ,  but  the  e n e r g y  di :~sipat-  
ed in th i s  way  is  n e g l i g i b l e ,  s i n c e  in th i s  e a s e  c~ + 0, 
w i + 0 ,  a n d q ~  0. 

B e c a u s e  of  the  s t a t i s t i c a l  n a t u r e  of  t u r b u l e n c e ,  it 
i s  i m p o s s i b l e  to d i s t i n g u i s h  any p a r t i c u l a r  s i z e  of m i -  
c r o - e d d y  i n t e r a c t i n g  wi th  t he  p a r t i c l e s ,  o r  the  c o r r e -  
spond ing  f r e q u e n c y .  I t  m a y  be  a s s u m e d ,  h o w e v e r ,  
tha t  e n e r g y  d i s s i p a t i o n  o c c u r s  in the  i n t e r a c t i o n  of  
p a r t i c l e s  wi th  s m a l l  e d d i e s  in the  r e g i o n  of  high wave  
n u m b e r s ,  in e x c e s s  of  s o m e  c h a r a c t e r i s t i c  n u m b e r  
k 1. In  the  h igh  w a v e  n u m b e r  r e g i o n  K o l m o g o r o v ' s  h y -  
p o t h e s e s  a r e  c o n f i r m e d :  

s (k)  ~ te-: :~ 

The  m e a n  f l u c t u a t i o n  v e l o c i t y  c o m p o n e n t  in the  r e -  
g ion  k > k I m a y  be  found f r o m  the  e q u a t i o n  

i , 4 ]  ~ = i At, ' - : ' ' ~ak ,  ( 14 )  

where 

A == C()ast. 

We shall use the experimental data given in [2] 

(pipe diameter 0. 247 m, Urn = 30 m/sec). We choose 

the point k I = I0 on Fig. 4. 3 of [2] as the lower bound- 

ary of the region of intense dissipation of eddies by 

particles. It should be noted that, since the mean fluc- 

tuating velocity is determined over the whole region 

above kl, some arbitrariness in the choice of this point 

has little influence on the result. 

For comparison we choose the point k 2 = i0 ~ which 

includes the region of both micro-eddies and average 

energy-containing eddies; this gives a deliberately 

overestimated result for the energy dissipation. The 

corresponding frequencies will be 

,%=/,hUm =- 10.3.10 a = 3 . 1 0 * s e e - i ;  zt = 4.77.10asee-1;  

,,). 1.3.10a =- 3. t 0 a s e c - i ;  ze -- 4.77.102 s e e  -1. 

We note that for particles of diameter 2.5 �9 10 .5 m 

and r= 1.93 �9 10 -3 see, even with co= co 2= 3 �9 103 
see -i, ~2T2 >> 1. 

Therefore, for the region examined, with sufficient 
accuracy it may be assumed that 

0~%e/(1 ~' ~o2v2)~ 1. (15) 

S i n c e  the  t u r b u l e n c e  is  i s o t r o p i e  in t he  h igh  w a v e  

n u m b e r  r e g i o n ,  r e p l a c i n g  the  p e a k  v a l u e s  of  t he  v e -  
l o c i t y  f l u c t u a t i o n s  by  t h e i r  m e a n  s q u a r e  v a l u e s  a c -  
c o r d i n g  to  (6) and t a k i n g  (15) in to  a c c o u n t ,  we m a y  

w r i t e  (13) in the  f o r m  

o r  

q 36a ~ ('q/d ~ it (p,,p~)U m, ( 16 )  

q 2a 'z ~ U m p,,/.c, (17) 

w h e r e  a i s  d e f i n e d  in t he  r e g i o n  k > k 1. 

We s h a l l  e x a m i n e  a s e c t i o n  o f  p i p e  wi th  c r o s s - s e c -  

t i o n a l  a r e a  F and l e n g t h  l. We d e n o t e  by  dp the  p r e s s u r e  

d r o p  in a l eng th  dl due to d i s s i p a t i o n  of  f l u c t u a t i o n  e n -  
e r g y  by t h e  p a r t i c l e s .  The  w o r k  done by the  p r e s s u r e  
f o r c e s  wi l l  be equa l  to Fdpdl .  

The  w o r k  done by the d i s s i p a t i o n  f o r c e s  is  

qkdh# qIH! d/'Unr. 

H e n c e  we ob ta in  

dp qdl:Um: p~ - p~ ql.~'m. 

T a k i n g  into a c c o u n t  tha t  (Pl - P2) / /=  i ,  we f ina l ly  
ob t a in  

X i 35a = (q d-')H (P,, ~'<) ('m, (18) 

o r  

,\ i 2a e p (p,,/r) L m 
(19) 

To  e v a l u a t e  the  i n f l u e n c e  of the  d i s s i p a t i o n  of  f l u c -  
t ua t i on  e n e r g y  by the  p a r t i c l e s ,  e a i c u l a t e  Ai  f r o m  (18) 
and c o m p a r e  t h i s  wi th  e x p e r i m e n t a l  da ta  on the  p n e u -  
m a t i c  t r a n s p o r t  of  c o a l  dus t  in a v e r t i c a l  p ipe  [4]. 
F r o m  Fig .  40 3 of  [2] we d e t e r m i n e ,  in a c c o r d a n c e  wi th  

(14), t he  m e a n  s q u a r e  f l u c t u a t i o n  v e l o c i t i e s  f o r  r e -  
g i o n s  k > k i and k > k 2. T h e  s q u a r e s  of  the  i n t e n s i t i e s  
of t u r b u l e n c e  a r e  

a~ 0.423.10-L a!i 0.193.10 a. 

In [4] the  d e n s i t y  of  t he  c o a l  w a s  1660 k g / m  3 and the  
m e a n  s q u a r e  p a r t i c l e  d i a m e t e r  was  4 . 7 4  �9 10 .5 m .  The  

. r e s u l t s  of  the  e x p e r i m e n t  (wi thout  a l l o w a n c e  f o r  the  
w e i g h t  of  t he  c o l u m n  of  a i r  m i x t u r e )  and the  c a l c u l a t e d  
v a l u e s  of  Ai a r e  g i v e n  in t he  t a b l e .  

I t  c a n  be  s e e n  f r o m  the  t a b l e  tha t  t he  a d d i t i o n a l  
f low r e s i s t a n c e  due  to  d i s s i p a t i o n  o f  f l u c t u a t i o n  e n e r g y  

by t h e  p a r t i c l e s ,  e v e n  f o r  t he  r e g i o n  k > k2, i . e . ,  
w h e n  d e a r l y  o v e r e s t i m a t e d ,  c o n s t i t u t e s  only  about  4% 

of  t he  a d d i t i o n a l  r e s i s t a n c e  due to t he  p r e s e n c e  of  s o l -  

ids  in the  s t r e a m .  T h e r e f o r e ,  in p r a c t i c a l  c a l c u l a -  

t i ons  th i s  p a r t i c u l a r  e f f e c t  n e e d  not  be  t a k e n  into a c -  

count .  

NOTATION 

-~) mean velocity of fluid; u~ (i = t, 2, 8)) fluctuating component 
of velocity; w) angular frequency; Ps and Po) density of solids and of 
air, respectively; Re.) Reynolds number for particle; vi) particle ve- 
locity; wi) relative particle velocity; V) particle volume; d) particle 
diameter; ~) viscosity of air; g) acceleration due to gravity; r) parti- 
cle relaxation time; u0i) amplitude of turbulent velocity fluctuations; 
z) frequency of fluctuations; t) time; #) phase shift angle; w.) hy- 
draulic size of particles; g~) mean square velocity of turbulent fluc- 
tuations; Urn) mean flow velocity; k) wave number; ~?i) work done by 
viscosity forces; ql, qi, q) power; T = 2~r/a~) period of oscillation; 
n = 65Ard 3 ) number of particles in unit volume; s) volume concentra- 
tion of air mixture; E(k) ) spectral function of energy of turbulent fluc- 
tuations; a = -~/Um) intensity of turbulence; F) area of pipe cross sec- 
tion of air mixture; E(k) spectral function of energy of turbulent fluc- 
tuations; a = uTUm) intensity of turbulence; F) area of pipe cross sec 
tiou; l) length of pipe; p) pressure; i) specific pressure loss (hydraulic 
gradient); ZXi) specific pressure less due to dissipation of fluctuation en- 
ergy by particles; Ix) mass concentration of air mixture. 
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